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Abstract
We investigate the presence of vortex structures in a Maxwell model with a logarithmic gener-
alization. This generalization becomes important because it generates stationary field solutions in
models that describe the dynamics of a scalar field. In this work, we will choose to investigate
the dynamics of the complex scalar field with the gauge field governed by Maxwell term. For this,
we will investigate the Bogomol’nyi equations to describe the static field configurations. Then, we
show numerically that the complex scalar field solutions that generate minimum energy configura-
tions have internal structures. Finally, assuming a planar vision, the magnetic field and the density
energy show the interesting feature of the ringlike vortex.
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I. INTRODUCTION
Since 1976, when Bogomol’nyi in his seminal paper, discussed an innovative way for
the stability of classical solutions [1], the study of topological defects have attracted the
attention of several researchers [2–8]. Indeed, topological structures have aroused a broad
interest because these solutions can be used to represent particles and cosmic objects, such
as cosmic strings [9].
Several approaches to the study of defects have been applied in recent years to various
systems. The large amount of works dedicated to the theme is due to the fact that each
model presents a different dynamic depending on how the fields can be coupled. In this way,
the study of topological defects that describe particles and cosmic objects helps everyone to
understand a little more about the universe around us. Let us mention only very recent works
about these structures. It was proposed by Lima et al. an interesting way how to describe
solutions of kink defects that can be continuously transformed into compactons solutions
[3, 10]. Others have turned their attention to studies properties of finite temperature defects
[11]. In the context of braneworlds, solutions with topological defects would also appear [12].
As well noted in ref. [13], topological objects that appear in nonlinear dynamics systems
known as kink, vortex, and monopoles, are related to the spatial dimensions of the model.
For example, in (1 + 1)D, we often get well-known kink solutions. Meanwhile, in (2 + 1)D,
we have topological structures called vortex, and in the case of (3 + 1)D of spacetime, we
can obtain the solutions known as monopoles. It is worth noting that the simplest of these
possible structures are kink defects that can even be obtained in models such as λφ4 with the
spontaneous breaking of symmetry. This attractive matter can be addressed in the excellent
reviews of Rajaraman [14], Vachaspati [15], and Manton [16].
Study of planar structures like vortex has been investigated since the beginning of the the-
ory proposed by Bogomol’nyi-Prasad-Sommerfield [1, 17–19]. However, in recent years, these
planar structures have been investigated in generalized models such as [20, 21]. These gener-
alizations are quite interesting because they can generate different characteristics [22, 23]. A
new point that arouses the attention of many adepts of the subject is to study the dynamics
of scalar, vector, and complex fields coupled with Gauge fields in generalized models, as the
work mentioned in ref. [13]. The fact is that when making these generalizations it is always
possible to investigate new properties that describe the dynamic of field, even if in principle,
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this field is coupled with other fields such as the gauge [24, 25].
In our work we will introduce for the first time a logarithmic interaction in Abelian topo-
logical models. Tracking back to Rosen [26, 27], with their works in relativistic theories
and Bialynicki-Birula and Mycielski [28] in the context of Schroedinger theories, logarith-
mic potentials were readdressed recently in the context of (1+1) relativistic models by Be-
lendryasova et. al. [29]. In this latter work, the authors obtained kinks and other soliton-like
solutions called gaussons for their Gaussian shape.
On the other hand, we can find some applications of the logarithmic potential in (3+1)
models. Indeed, when we consider electric charge as a self-consistent configuration of an
electromagnetic field interacting with a physical vacuum, the nonlinearity could be extremely
important since the system is effectively described as a logarithmic quantum Bose liquid [30].
Also, models with the so called gausson logarithmic term were used to describe theories of
quantum gravity [32] as well as quantum effects in nonlinear quantum theory [31].
In this work, our goal is investigate the influence of a new coupling between scalar and
gauge field in the topological solutions of the model. This new coupling comes from a
generalization in the Maxwell term. So, we define the model and investigated their stationary
solutions using the BPS approach. Then, we analyze the corresponding planar shape for the
magnetic field and Bogomol’nyi energy density of the model. Subsequently, we study the
particular case of an unmodified Maxwell term and compare the results with the generalized
case. Finally, we present some final considerations about the model studied.
II. THE LOGARITHMIC GENERALIZED MAXWELL MODEL
We started our investigation considering the generalized Lagrangian density in flat space-
time in (2 + 1)D given by
L = −1
4
G(|φ|)FµνF µν + |Dµφ|2 − V (|φ|). (1)
This generalized Lagrangian was introduced for the first time by Lee and Nam [33] in
order to find solitons solutions of an Abelian Higgs model. Soon after, Bazeia [34], used it to
find vortices for different choices of the function G(|φ|). This general function is sometimes
called a dielectric permeability [33–35]. In principle, this function, which is a function of the
complex scalar field module, should be a non-negative function of the scalar field module.
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Inspired by the work of Belendryasova et. al. [29], we choose the function G(|φ|) as a
logarithmic function of φ.
As mentioned above, a logarithmic interaction was already used by several authors. But
all of them, used a term describing a nonlinear self-interaction of scalar fields. For instance,
the most recent work consider a relativistic scalar theory in (1+1) dimensions for the study
of topological structures generating kink and antikink solutions [29]. Here, we propose the
function G(|φ|) as a logarithmic one, which leads to a non-linear coupling of scalar fields to
a gauge field. The Lagrangian proposed is
L =
|φ|2
4λ2
[
ln
( |φ|2
ϑ2
)
− 1
]
FµνF
µν + |Dµφ|2 − V (|φ|), (2)
where λ and ϑ are parameters that adjusts the canonical dimension of the model. Here the
scalar field φ is complex and |φ|2 = φφ¯. The notation φ¯ representing the conjugate complex
of φ. Aµ is the Abelian gauge field, Fµν = ∂µAν − ∂νAµ is the electromagnetic tensor. The
potential is given by V (|φ|) and the metric signature is ηµν =diag(+,−,−). We also consider
~ = c = 1.
The covariant derivative is defined as
Dµφ = ∂µφ+ ieAµφ. (3)
Investigating the equations of motion associated with the model, we obtain:
DµD
µφ+
φ
2|φ|
[
− |φ|
2λ2
ln
( |φ|2
ϑ2
)
FµνF
µν + V|φ|
]
= 0 (4)
and
∂µ
{
− |φ|
2
λ2
[
ln
( |φ|2
ϑ2
)
− 1
]
F µν
}
= Jν . (5)
We define the current as
Jµ = ie(φ¯Dµφ− φDµφ), (6)
and V|φ| = ∂V/∂|φ|.
Considering stationary field configurations and defining the component ν = 0 in the Eq.
(5), we observe that Gauss’s law is satisfied for the component of the Abelian field A0 = 0.
This implies the possible existence of electrically neutral vortex.
Through the translational symmetry of space-time in the model, we build the energy-
momentum tensor as
Tµν = −|φ|
2
λ2
[
ln
( |φ|2
ϑ2
)
− 1
]
FµρF
ρ
ν +DµφDνφ+DνφDµφ− ηµνL. (7)
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In order to investigate the vortex solutions of the model we will use the ansatz
φ = g(r)einθ e ~A = − 1
er
[a(r)− n]θˆ, (8)
with n ∈ Z and representing the vorticity of the system.
Considering the ansatz (8), we get the expression that describes the magnetic field, that
is,
~B = ~∇× ~A→ B ≡ || ~B|| = −a
′(r)
er
= −F12, (9)
where the prime in a′(r) denotes the derivative with respect to the radial coordinate r. With
this in mind, we note that the magnetic field flux ΦB is given by
ΦB =
ˆ
S
ˆ
~B · d~S = −
ˆ
S
ˆ
F 12zˆ · r dr dθzˆ = −
ˆ 2pi
0
ˆ ∞
0
F 12r dr dθ,
or
ΦB = −2pi
e
ˆ ∞
0
da(r)
dr
dr = −2pi
e
[a(∞)− a(0)]. (10)
From now on, we assume that the asymptotic behaviour for the ansatz (8) is
g(0) = 0, a(0) = n,
g(∞) = ν, a(∞) = 0. (11)
Substituting (11) in (10), we arrive at the expression
ΦB =
2pin
e
. (12)
Therefore, the magnetic flux of the model is quantized.
Considering the ansatz (8), the equations of motion are now rewritten as
(rg′(r))′ =
a(r)2g(r)
r
− g(r)a
′(r)
2λ2e2r
ln
(
g(r)2
ϑ2
)
+
1
2
rVg(r), (13)
and {
g(r)2a′(r)
λ2er
[
ln
(
g(r)2
ϑ2
)
− 1
]}′
= −2ea(r)g(r)
2
r
. (14)
Now, we will turn our attention to investigating the energy density of the model. Con-
sidering that a component T00 of the energy-momentum tensor (7) represents the energy
density of the model, we have
E = −g(r)
2a′(r)2
2e2r2λ2
[
ln
(
g(r)2
ϑ2
)
− 1
]
+ g′(r)2 +
a(r)2g(r)2
r2
+ V (g). (15)
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Seeking to satisfy the BPS limit, we rearranged the previous expression. Than, we can
write,
E =− g(r)
2
2λ2
[
ln
(
g(r)2
ϑ2
)
− 1
]{
a′(r)
er
∓ eλ
2(ν2 − g(r)2)
g(r)2
[
ln
(
g(r)2
ϑ2
)
− 1
]}2 + (g′(r)∓ a(r)g(r)
r
)2
+ V +
e2λ2
2g(r)2
(ν2 − g(r)2)2[
ln
(
g(r)2
ϑ2
)
− 1
] ∓ 1
r
[a(r)(ν2 − g(r)2)]′. (16)
If the choice of potential is such that
V = − e
2λ2
2g(r)2
(ν2 − g(r)2)2[
ln
(
g(r)2
ϑ2
)
− 1
] , (17)
the previous expression is reduced significantly.
Considering that the energy of the model is the integration of energy density in all space,
the energy of the model takes the form,
E =− 2pi
ˆ ∞
0
rdr
g(r)2
2λ2
[
ln
(
g(r)2
ϑ2
)
− 1
]{
a′(r)
er
∓ eλ
2(ν2 − g(r)2)
g(r)2
[
ln
(
g(r)2
ϑ2
)
− 1
]}2
+ 2pi
ˆ ∞
0
rdr
(
g′(r)∓ a(r)g(r)
r
)2
+ EBPS, (18)
where we have,
EBPS = ∓2pi
ˆ ∞
0
dr [a(r)(ν2 − g(r)2)]′ = 2pi|n|ν2. (19)
In other words, we notice that the energy is limited by EBPS, i. e.,
E ≥ EBPS. (20)
Therefore, if the solution obeys the first order equations
g′(r) = ±a(r)g(r)
r
; (21)
a′(r)
er
= ± λ
2e
g(r)2
(ν2 − g(r)2)[
ln
(
g(r)2
ϑ2
)
− 1
] , (22)
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then, the BPS limit is saturated and the inequality (20) becomes an equality, that is, E =
EBPS.
Decoupling the equations (21) and (22), we have:
g′′(r)− g
′(r)2
g(r)
+
g′(r)
r
− λ
2e2(ν2 − g(r)2)
g(r)
[
ln
(
g(r)2
ϑ2
)
− 1
] = 0. (23)
In this context, we obtain that the BPS energy density is given by:
EBPS = −g(r)
2a′(r)2
e2λ2r2
[
ln
(
g(r)2
ϑ2
)
− 1
]
+ 2g′(r)2. (24)
A. Numerical results
Now let us turn out attention to the study of the numerical solutions of the vortex struc-
tures of our model. Initially, we investigated the topological solutions with the boundary
conditions expressed in Eqs. (11), where ν is the vacuum state value. Without loss of gen-
erality, we assume that the model vorticity is equivalent the n = 1. In this way, we obtain
the BPS vortices presented in Fig. (1).
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Figure 1: Numerical solution of the scalar field with vacuum state ν = 1, vorticity n = 1, couplings
λ = 10−3 and ϑ = 10−5 (left side). Behaviour of the gauge field associated with the scalar field
(right side).
With the numerical solution of the scalar field, we return to BPS equations and investigate
the solution for the gauge field. With this in mind, we seek for the a(r) solution. Thus, we
obtain the results shown in Fig. (1).
The magnetic field and energy density of the model can be obtained respectively with the
help of the expressions (9) and (24). Therefore, we present the respective graphical results
in Figs. (2) and (3).
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Figure 2: The magnetic field of the vortex.
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Figure 3: The energy density of the vortex.
Through the planar representation of the magnetic field in Fig. (2), we observe the
existence of a ”big hole” around r = 0. Also, we realized that the field becomes quite intense
in the near of the origin. This can be understood as the contribution of the logarithmic
coupling between the scalar field and the gauge field. This interesting feature leads to the so
called ringlike vortices [13]. This kind of solution has already be found in a Maxwell-Higgs
generalized model. Indeed, Bazeia et. al., considered a model with a Lagrangian described
by Eq. (1). However their function G(|φ|) is a very particular one [13].
Finally, analyzing the BPS energy density of the model we find the results shown in Fig.
(3). We observed that both the BPS energy density and the magnetic field present similar
shapes near the origin and differing only in their magnitude around r → 0. Furthermore,
where the magnetic field is more intense, the BPS energy has smaller magnitude and is more
located in space.
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III. THE CASE: GENERALIZED MAXWELL-HIGGS MODEL
In this case, we consider the generalized Maxwell-Higgs Lagrangian, i. e.,
L =
λ2
4|φ|2
[
ln
( |φ|2
ϑ2
)
− 1
]
FµνF
µν + |Dµφ|2 − V (|φ|), (25)
where V (|φ|) is a Higgs potential. Than, we have
L =
λ2
4|φ|2
[
ln
( |φ|2
ϑ2
)
− 1
]
FµνF
µν + |Dµφ|2 − e2(ν2 − |φ|2)2. (26)
Constructing the motion equations of the model, we obtain the expressions
DµD
µφ+
φ
|φ|
(
− λ
2
4|φ|2
[
ln
( |φ|2
ϑ2
)
− 1
]
FµνF
µν + 4e2|φ||φ|′(ν − |φ|2)
)
= 0, (27)
− ∂µ
(
λ2
4|φ|2
[
ln
( |φ|2
ϑ2
)
− 1
]
F µν
)
= Jν . (28)
In order to analyze the structures of BPS vortex, and considering the ansatz of the
expression (8), we write the equation for the energy as
E =
ˆ
d2x
{
− g(r)
2
2λ2
[
ln
( |g(r)2
ϑ2
)
− 1
]
a′(r)2
e2r2
+ g′(r) +
a(r)2g(r)2
r2
+ e2(ν2− g(r)2)2
}
. (29)
Reorganizing the energy equation, we obtain that
E =
ˆ
d2x
{
− |φ|
2
4λ2
[
ln
( |φ|2
ϑ2
)
− 1
]{
a′(r)
er
∓ eλ
2(ν2 − g(r)2)
g(r)2
[
ln
(
g(r)2
ϑ2
)
− 1
]}2+
+
(
g′(r)∓ a(r)g(r)
r
)2
∓ 1
r
[a(r)(ν2 − g(r)2)]′
}
. (30)
Assuming the BPS limit, we obtain the well-known Bogomol’nyi equations, i. e.,
a′(r)
er
= ± eλ
2(ν2 − g(r)2)
g(r)2
[
ln
(
g(r)2
ϑ2
)
− 1
] (31)
and
g′(r) = ±a(r)g(r)
r
, (32)
where the energy of the vortex configurations in this case is given by
E = ∓2pi
ˆ ∞
0
dr [a(r)(ν2 − g(r)2)]′ = 2pi|n|ν2. (33)
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Note that the expressions (31), (32) and (33) are identical to the vortex expressions
described in the equations (19), (21) and (22). Therefore, we emphasize that the case of the
generalized Higgs potential will have the same vortices solutions presented in the discussion
of the logarithmic generalized Maxwell model presented early. In other words, the numerical
results presented in the first section satisfy the case of the generalized Maxwell-Higgs model
as well.
IV. THE CASE WITHOUT GENERALIZATION
We turn our attention to the particular case in which the function G(|φ|) = 1. Thus, the
Lagrangian density will be reduced to
L = −1
4
FµνF
µν + |Dµφ|2 − V (|φ|). (34)
In this case, the motion equations are reduced to
DµD
µφ+
φ
2|φ|V|φ| = 0 (35)
and
∂µF
µν = Jν . (36)
Considering the ansatz (8), we rewrite the equations above in terms of the fields g(r) and
a(r). Thus, we have
1
r
(rg)′ =
a2g
r
+
a′
4e2r2
+
1
2
Vg, (37)
r
(
a′
er
)′
= 2eag2. (38)
With this in mind, we rewrite the expression of the energy density of the model as
E =
1
2
[
a′
er
∓ e(ν2 − g(r)2)
]2
+
(
g′(r)∓ ag(r)
r
)
+ V + e2(ν2 − g(r)2)2 + EBPS. (39)
It is worth noting that the expression of the magnetic field remains unchanged in the case
without generalization.
Now, taking the potential V as equivalent to the Higgs potential, that is,
V = −e2(ν2 − g(r)2)2, (40)
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at the BPS limit we will obtain vortex structures with energy described by the equation
(18). In this way, the BPS equations are reduced to
g′(r) = ±a(r)g(r)
r
,
a′(r)
er
= ±e(ν2 − g(r)2). (41)
A. Numerical results: case without generalization
Using the equation (41), we will turn our attention to the numerical study of the Higgs
field and the gauge field in the model without generalization. With the previous equation,
we obtain the numerical solutions represented in figures (4) for the scalar field and for the
gauge field.
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Figure 4: Numerical solution of the scalar field without generalization (left side). Behaviour of the
gauge field associated with the scalar fields when the function G = 1 (right side).
We recall that the magnetic field and the energy can be obtained by analyzing eq. (9)
and eq. (39).
Analyzing the Higgs field solution and the gauge field in fig. (4) it was again possible
to obtain the magnetic field and energy represented by figs. (5) and (6). We observed the
existence of a hole around r = 0. We noticed that in the case that the function G = 1,
the magnetic field and the energy present a less compacted shape. Therefore, we observe
that the field has a lower intensity near of the origin, once we are in the absence of the
contribution of the logarithmic coupling.
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Figure 5: The magnetic field as a function of r without generalization (left side). Representation
on the plane (right side).
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Figure 6: The BPS energy as a function of r of the vortex without generalization (left side).
Representation on the plane (right side).
V. CONCLUDING REMARKS
In this work, we study a Maxwell theory generalized by a logarithmic scalar function. In
the model a gauge field is governed by a Maxwell term, but there is an coupling between
the gauge field and a scalar one. In this model, the existence of vortices solutions was well
observed, with a gauge field generating a very intense magnetic field in the neighborhood
of r = 0 and with quantized magnetic flux. The fact that the intensity of the magnetic
field and the energy density are very intense is due to the contribution of the logarithmic
term being dominant in the model. We also obtain that the Bogomol’nyi energy of the
model is quantized and given by EBPS = 2pi|n|ν2, that is, the solutions of this model are
degenerated ν2 in a given sector. Through numerical analysis we obtain planar solutions,
investigating the density of BPS energy and the magnetic field of the model associated with
topological solutions. They were characterized as ringlike vortices. Finally, when analyzing
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the particular case, i. e., when the function G = 1, we notice that the Higgs field and the
gauge field presents a more compact shape. Therefore, for an unmodified Maxwell term, the
vortex will have less energy and consequently, a less intense magnetic field.
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